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1. Introduction with preliminaries
The axiomatic development of ametric space was essentially carried out by FrenchmathematicianM. Frechet in the year
1906. The utility of metric spaces in the natural growth of Functional Analysis is enormous. Inspired from the impact of
this natural idea to mathematics in general and to Functional Analysis in particular, several researchers attempted various
generalizations of this notion in the recent past such as: rectangular metric spaces, semimetric spaces, quasimetric spaces,
quasi-semimetric spaces, pseudometric spaces, probabilistic metric spaces, 2-metric spaces, D-metric spaces, G-metric
spaces, K -metric spaces, cone metric spaces etc. and by now there exists considerable literature on all these generalizations
of metric spaces. For more details, one can see [1–12].
Most recently, Azam et al. [13] introduced and studied complex valuedmetric spaceswherein some fixed point theorems
for mappings satisfying a rational inequality were established. Naturally, this new idea can be utilized to define complex
valued normed spaces and complex valued inner product spaces which, in turn, offer a lot of scope for further investigation.
Though complex valued metric spaces form a special class of cone metric space, yet this idea is intended to define rational
expressions which are notmeaningful in conemetric spaces and thusmany results of analysis cannot be generalized to cone
metric spaces. Indeed, the definition of a cone metric space banks on the underlying Banach space which is not a division
Ring. However, in complex valued metric spaces, we can study improvements of a host of results of analysis involving
divisions.
In what follows, we recall some notations and definitions that will be utilized in our subsequent discussion.
Let C be the set of complex numbers and z1, z2 ∈ C. Define a partial order - on C as follows:
z1 - z2 if and only if Re(z1) ≤ Re(z2), Im(z1) ≤ Im(z2).
Consequently, one can infer that z1 - z2 if one of the following conditions is satisfied:
(i) Re(z1) = Re(z2), Im(z1) < Im(z2),
(ii) Re(z1) < Re(z2), Im(z1) = Im(z2),
(iii) Re(z1) < Re(z2), Im(z1) < Im(z2),
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(iv) Re(z1) = Re(z2), Im(z1) = Im(z2).
In particular, wewrite z1  z2 if z1 ≠ z2 and one of (i), (ii), and (iii) is satisfied andwewrite z1 ≺ z2 if only (iii) is satisfied.
Notice that 0 - z1  z2 ⇒ |z1| < |z2|, and z1 ≼ z2, z2 ≺ z3 ⇒ z1 ≺ z3.
The following definition is recently introduced by Azam et al. [13].
Definition 1. Let X be a nonempty set whereasC be the set of complex numbers. Suppose that themapping d : X×X → C,
satisfies the following conditions:
(d1) 0 - d(x, y), for all x, y ∈ X and d(x, y) = 0 if and only if x = y;
(d1) d(x, y) = d(y, x) for all x, y ∈ X;
(d1) d(x, y) - d(x, z)+ d(z, y), for all x, y, z ∈ X .
Then d is called a complex valued metric on X , and (X, d) is called a complex valued metric space.
Definition 2. Let (X, d) be a complex valued metric space and B ⊆ X
(i) b ∈ B is called an interior point of a set Bwhenever there is 0 ≺ r ∈ C such that
N(b, r) ⊆ B
where N(b, r) = {y ∈ X : d(b, y) ≺ r}.
(ii) A point x ∈ X is called a limit point of Bwhenever for every 0 ≺ r ∈ C,
N(x, r) ∩ (B \ X) ≠ ∅.
(iii) A subset A ⊆ X is called open whenever each element of A is an interior point of A. A subset B ⊆ X is called closed
whenever each limit point of B belongs to B. The family
F = {N(x, r) : x ∈ X, 0 ≺ r}
is a sub-basis for a topology on X . We denote this complex topology by τc . Indeed, the topology τc is Hausdorff.
Definition 3. Let (X, d) be a complex valued metric space and {xn}n≥1 be a sequence in X and x ∈ X . We say that
(i) the sequence {xn}n≥1 converges to x if for every c ∈ C, with 0 ≺ c there is n0 ∈ N such that for all n > n0,
d(xn, x) ≺ c . We denote this by limn xn = x, or xn → x, as n →∞,
(ii) the sequence {xn}n≥1 is Cauchy sequence if for every c ∈ C with 0 ≺ c there is n0 ∈ N such that for all n > n0,
d(xn, xn+m) ≺ c ,
(iii) the metric space (X, d) is a complete complex valued metric space if every Cauchy sequence is convergent.
Definition 4 (Cf. [14]). Two families of self-mappings {Ti}mi=1 and {Si}ni=1 are said to be pairwise commuting if:
(i) TiTj = TjTi, i, j ∈ {1, 2, . . . ,m}.
(ii) SiSj = SjSi, i, j ∈ {1, 2, . . . , n}.
(iii) TiSj = SjTi, i ∈ {1, 2, . . . ,m}, j ∈ {1, 2, . . . , n}.
In [13], Azam et al. established the following two lemmas.
Lemma 5 (Cf. [13]). Let (X, d) be a complex valued metric space and let {xn} be a sequence in X. Then {xn} converges to x if and
only if |d(xn, x)| → 0 as n →∞.
Lemma 6 (Cf. [13]). Let (X, d) be a complex valued metric space and let {xn} be a sequence in X. Then {xn} is a Cauchy sequence
if and only if |d(xn, xn+m)| → 0 as n →∞.
2. Main results
Before proving our results, let us point out a fallacy (e.g. Lines 10 and 20 in page 247) in the proof of Theorem 4 of Azam
et al. [13] wherein authors used: z1 - z2 ⇒ zz2 - zz1 which is not a reality (e.g. i - 1 + i ⇒ 11+i ⋠ 1i ). In our results, we
attempt to consolidate the proof besides improvements. Our first and following theorem generalizes Theorem 4 of Azam
et al. [13].
Theorem 2.1. If S and T are self-mappings defined on a complete complex valued metric space (X, d) satisfying the condition
d(Sx, Ty) - λd(x, y)+ µd(x, Sx)d(y, Ty)+ γ d(y, Sx)d(x, Ty)
1+ d(x, y) (2.1)
for all x, y ∈ X where λ,µ, γ are nonnegative reals with λ+ µ+ γ < 1, then S and T have a unique common fixed point.
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Proof. Let x0 be an arbitrary point in X and define x2k+1 = Sx2k, x2k+2 = Tx2k+1, k = 0, 1, 2, . . . . Then
d(x2k+1, x2k+2) = d(Sx2k, Tx2k+1) - λd(x2k, x2k+1)
+ µd(x2k, Sx2k)d(x2k+1, Tx2k+1)+ γ d(x2k, Tx2k+1)d(x2k+1, Sx2k)
1+ d(x2k, x2k+1) .
Since x2k+1 = Sx2k implies d(x2k+1, Sx2k) = 0, therefore
d(x2k+1, x2k+2) - λd(x2k, x2k+1)+ µd(x2k, x2k+1).d(x2k+1, x2k+2)1+ d(x2k, x2k+1)
so that
|d(x2k+1, x2k+2)| ≤ λ|d(x2k, x2k+1)| + µ|d(x2k, x2k+1)| · |d(x2k+1, x2k+2)||1+ d(x2k, x2k+1)| .
Since |1+ d(x2k, x2k+1)| > |d(x2k, x2k+1)|, therefore
|d(x2k+1, x2k+2)| ≤ λ|d(x2k, x2k+1)| + µ|d(x2k+1, x2k+2)|
so that
|d(x2k+1, x2k+2)| ≤ λ1− µ |d(x2k, x2k+1)|.
Also,
d(x2k+2, x2k+3) = d(Tx2k+1, Sx2k+2) = d(Sx2k+2, Tx2k+1) - λd(x2k+2, x2k+1)
+ µd(x2k+2, Sx2k+2)d(x2k+1, Tx2k+1)+ γ d(x2k+1, Sx2k+2)d(x2k+2, Tx2k+1)
1+ d(x2k+2, x2k+1) .
Since x2k+2 = Tx2k+1 implies d(x2k+2, Tx2k+1) = 0, therefore
d(x2k+2, x2k+3) - λd(x2k+2, x2k+1)+ µd(x2k+2, Sx2k+2)d(x2k+1, Tx2k+1)1+ d(x2k+2, x2k+1)
so that
|d(x2k+2, x2k+3)| ≤ λ|d(x2k+2, x2k+1)| + µ|d(x2k+2, x2k+3)| · |d(x2k+1, x2k+2)||1+ d(x2k+2, x2k+1)| .
As |1+ d(x2k+2, x2k+1)| > |d(x2k+2, x2k+1)|, therefore
|d(x2k+2, x2k+3)| ≤ λ1− µ |d(x2k+1, x2k+2)|.
Putting h = λ1−µ , we have (for all n)
|d(xn, xn+1)| ≤ h|d(xn−1, xn)| ≤ h2|d(xn−2, xn−1)| ≤ · · · ≤ hn|d(x0, x1)|.
Therefore, for anym > n, we have
|d(xn, xm)| ≤ |d(xn, xn+1)| + |d(xn+1, xn+2)| + |d(xn+2, xn+3)| + · · · + |d(xm−1, xm)|
≤ [hn + hn+1 + hn+2 + · · · + hm−1]|d(x0, x1)|
≤

hn
1− h

|d(x0, x1)|
so that
|d(xn, xm)| ≤

hn
1− h

|d(x0, x1)| → 0 as n →∞.
In view of Lemma 6, the sequence {xn} is Cauchy. Since X is complete, there exists some l ∈ X such that xn → l as n →∞.
On the contrary, let l ≠ Sl so that d(l, Sl) = z > 0 and henceforth we can have
z = d(l, Sl) - d(l, Tx2k+1)+ d(Tx2k+1, Sl)
- d(l, x2k+2)+ λd(l, x2k+1)+ µd(l, Sl)d(x2k+1, Tx2k+1)+ γ d(x2k+1, Sl)d(l, Tx2k+1)1+ d(l, x2k+1)
- d(l, x2k+2)+ λd(l, x2k+1)+ µz.d(x2k+1, Tx2k+1)+ γ d(x2k+1, Sl)d(l, Tx2k+1)1+ d(l, x2k+1) .
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Also, for every k, we can write
|d(l, Sl)| ≤ |d(l, x2k+2)| + λ|d(l, x2k+1)| + µ|z| · |d(x2k+1, x2k+2)| + γ |d(x2k+1, Sl)| · |d(l, x2k+2)||1+ d(l, x2k+1)| .
Making k →∞, one gets
|d(l, Sl)| = 0
which is a contradiction so that l = Sl. Similarly, one can also show that l = Tl.
To prove the uniqueness of common fixed point, let l∗ (in X) be another common fixed point of S and T i.e. l∗ = Sl∗ = Tl∗.
Then
d(l, l∗) = d(Sl, Tl∗) - λd(l, l∗)+ µd(l, Sl)d(l
∗, Tl∗)+ γ d(l∗, Sl)d(l, Tl∗)
1+ d(l, l∗)
= λd(l, l∗)+ γ d(l
∗, l)d(l, l∗)
1+ d(l, l∗)
so that
|d(l, l∗)| ≤ λ|d(l, l∗)| + γ |d(l
∗, l)| · |d(l, l∗)|
|1+ d(l, l∗)| .
Since |1+ d(l, l∗)| > |d(l, l∗)|, therefore
|d(l, l∗)| ≤ (λ+ γ )|d(l, l∗)|
which is a contradiction so that l = l∗ (as λ+ γ < 1). This completes the proof of the theorem. 
Remark 2.2. By choosing γ = 0 in Theorem 2.1, we get Theorem 4 of Azam et al. [13].
By setting S = T in Theorem 2.1, one deduces the following:
Corollary 2.3. If T : X → X is a self-mapping defined on a complete complex valued metric space (X, d) satisfying the condition
d(Tx, Ty) - λd(x, y)+ µd(x, Tx)d(y, Ty)+ γ d(y, Tx)d(x, Ty)
1+ d(x, y) (2.2)
for all x, y ∈ X, where λ,µ, γ are nonnegative reals with λ+ µ+ γ < 1, then T has a unique fixed point.
Remark 2.4. By equating λ,µ, γ to 0 in all possible combinations, one can derive a host of corollaries which include Banach
fixed point theorem on complex valued metric spaces.
As an application of Theorem 2.1, we prove the following theorem for two finite families of mappings.
Theorem 2.5. If {Ti}m1 and {Si}n1 are two finite pairwise commuting finite families of self-mapping defined on a complete complex
valued metric space (X, d) such that the mappings S and T (with T = T1T2 · · · Tm and S = S1S2 · · · Sn) satisfy condition (2.1),
then the component maps of the two families {Ti}m1 and {Si}n1 have a unique common fixed point.
Proof. In view of Theorem 2.1, one can infer that T and S have a unique common fixed point l i.e. Tl = Sl = l. Now we
are required to show that l is a common fixed point of all the component maps of both the families. In view of pairwise
commutativity of the families {Ti}m1 and {Si}n1, (for every 1 ≤ k ≤ m) we can write
Tkl = TkSl = STkl and Tkl = TkTl = TTkl
which show that Tkl (for every k) is also a common fixed point of T and S. By using the uniqueness of common fixed point, we
canwrite Tkl = l (for every k) which shows that l is a common fixed point of the family {Ti}m1 . Using the foregoing arguments,
one can also show that (for every 1 ≤ k ≤ n) Skl = l. This completes the proof of the theorem. 
By setting T1 = T2 = · · · = Tm = F and S1 = S2 = · · · = Sn = G, in Theorem 2.5, we derive the following common fixed
point theorem involving iterates of mappings.
Corollary 2.6. If F and G are two commuting self-mappings defined on a complete complex valued metric space (X, d) satisfying
the condition
d(Fmx,Gny) - λd(x, y)+ µd(x, F
mx)d(y,Gny)+ γ d(y, Fmx)d(x,Gny)
1+ d(x, y) (2.3)
for all x, y ∈ X, where λ,µ, γ are nonnegative reals with λ+ µ+ γ < 1, then F and G have a unique common fixed point.
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By settingm = n and F = G = T in Corollary 2.6, we deduce the following corollary.
Corollary 2.7. If T : X → X is a mapping defined on a complete complex valued metric space (X, d) satisfying the condition (for
some fixed n):
d(T nx, T ny) - λd(x, y)+ µd(x, T
nx)d(y, T ny)+ γ d(y, T nx)d(x, T ny)
1+ d(x, y) (2.4)
for all x, y ∈ X, where λ,µ, γ are nonnegative reals with λ+ µ+ γ < 1, then T has a unique fixed point.
By settingµ = γ = 0 we draw following corollary which can viewed as an extension of Bryant [15] theorem to complex
valued metric spaces.
Corollary 2.8. If T : X → X is a mapping defined on a complete complex valued metric space (X, d) satisfying the condition
d(T nx, T ny) - λd(x, y) (2.5)
for all x, y ∈ X, where λ, are nonnegative reals with λ < 1, then T has a unique fixed point.
The following example demonstrates the superiority of Bryant Theorem over Banach contraction theorem.
Example 2.9. Let X = C be the set of complex numbers. Define d : C× C→ C by
d(z1, z2) = |x1 − x2| + i|y1 − y2|
where z1 = x1 + iy1 and z2 = x2 + iy2. Then (C, d) is a complete complex valued metric space. Define T : C→ C as
T (x+ iy) =

0, x, y ∈ Q
1+ i, x, y ∈ Q c
1, x ∈ Q c, y ∈ Q
i, x ∈ Q , y ∈ Q c .
Now for x = 1√2 and y = 0 we get
d

T

1√
2

, T (0)

= d(1, 0) = 1 - λd

1√
2
, 0

= λ 1√
2
.
Thus λ ≥ √2, which is a contradiction as 0 ≤ λ < 1. However, notice that T 2z = 0, so that
0 = d(T 2z1, T 2z2) - λd(z1, z2),
which shows that T 2 satisfies the requirement of Bryant Theorem and z = 0 is the unique fixed point of T .
Remark 2.10. Choosing γ = 0, in Theorem 2.1, Corollaries 2.3 and 2.7, we deduce the corresponding results contained in
Azam et al. [13].
Our next theorem is essentially inspired by Imdad et al. [16].
Theorem 2.11. Let (X, d) be a complete complex valued metric space wherein the mappings S, T : X → X satisfy the inequality
d(Sx, Ty) -

λd(x, y)+ µd(x, Sx)d(y, Ty)+ d(y, Sx)d(x, Ty)
d(Sx, x)+ d(Ty, y)
+ γ d(x, Sx)d(x, Ty)+ d(y, Sx)d(y, Ty)
d(Sx, y)+ d(Ty, x) , if D ≠ 0, D1 ≠ 0
0, if D = 0 or D1 = 0
(2.6)
for all x, y ∈ X,where D = d(Sx, x)+d(Ty, y) andD1 = d(Sx, y)+d(Ty, x) andλ,µ, γ are nonnegative realswithλ+µ+γ < 1.
Then S, T have unique common fixed point.
Proof. Let x0 be an arbitrary point in X. Define x2k+1 = Sx2k and x2k+2 = Tx2k+1, k = 0, 1, 2, . . . Now, we distinguish two
cases.
First, if (for k = 0, 1, 2, . . . ) d(Sx2k, x2k)+ d(Tx2k+1, x2k+1) ≠ 0 and d(Sx2k, x2k+1)+ d(Tx2k+1, x2k) ≠ 0, then
d(x2k+1, x2k+2) = d(Sx2k, Tx2k+1) - λd(x2k, x2k+1)
+µd(x2k, Sx2k)d(x2k+1, Tx2k+1)+ d(x2k+1, Sx2k)d(x2k, Tx2k+1)
d(Sx2k, x2k)+ d(Tx2k+1, x2k+1)
+ γ d(x2k, Sx2k)d(x2k, Tx2k+1)+ d(x2k+1, Sx2k)d(x2k+1, Tx2k+1)
d(Sx2k, x2k+1)+ d(Tx2k+1, x2k) .
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Since x2k+1 = Sx2k and x2k+2 = Tx2k+1, therefore
d(x2k+1, x2k+2) - λd(x2k, x2k+1)+ µd(x2k, x2k+1)d(x2k+1, x2k+2)+ d(x2k+1, x2k+1)d(x2k, x2k+2)d(x2k+1, x2k)+ d(x2k+2, x2k+1)
+ γ d(x2k, x2k+1)d(x2k, x2k+2)+ d(x2k+1, x2k+1)d(x2k+1, x2k+2)
d(x2k+1, x2k+1)+ d(x2k+2, x2k)
or
d(x2k+1, x2k+2) - λd(x2k, x2k+1)+ µ d(x2k, x2k+1)d(x2k+1, x2k+2)d(x2k+1, x2k)+ d(x2k+2, x2k+1) + γ
d(x2k, x2k+1)d(x2k, x2k+2)
d(x2k+2, x2k)
so that
|d(x2k+1, x2k+2)| ≤ λ|d(x2k, x2k+1)| + µ |d(x2k, x2k+1)| · |d(x2k+1, x2k+2)||d(x2k+1, x2k)+ d(x2k+2, x2k+1)| + γ |d(x2k, x2k+1)|.
Since |d(x2k+1, x2k)+ d(x2k+2, x2k+1)| > |d(x2k+1, x2k)|, therefore
|d(x2k+1, x2k+2)| ≤ λ|d(x2k, x2k+1)| + µ|d(x2k+1, x2k+2)| + γ |d(x2k, x2k+1)|
so that
|d(x2k+1, x2k+2)| ≤ λ+ γ1− µ |d(x2k, x2k+1)|.
Also
d(x2k+2, x2k+3) = d(Sx2k+2, Tx2k+1) - λd(x2k+2, x2k+1)
+µd(x2k+2, Sx2k+2)d(x2k+1, Tx2k+1)+ d(x2k+1, Sx2k+2)d(x2k+2, Tx2k+1)
d(Sx2k+2, x2k+2)+ d(Tx2k+1, x2k+1)
+ γ d(x2k+2, Sx2k+2)d(x2k+2, Tx2k+1)+ d(x2k+1, Sx2k+2)d(x2k+1, Tx2k+1)
d(Sx2k+2, x2k+1)+ d(Tx2k+1, x2k+2) .
Since x2k+3 = Sx2k+2 and x2k+2 = Tx2k+1, we get
d(x2k+2, x2k+3) - λd(x2k+2, x2k+1)+ µd(x2k+2, x2k+3)d(x2k+1, x2k+2)+ d(x2k+1, x2k+3)d(x2k+2, x2k+2)d(x2k+3, x2k+2)+ d(x2k+2, x2k+1)
+ γ d(x2k+2, x2k+3)d(x2k+2, x2k+2)+ d(x2k+1, x2k+3)d(x2k+1, x2k+2)
d(x2k+3, x2k+1)+ d(x2k+2, x2k+2)
or
d(x2k+2, x2k+3) - λd(x2k+2, x2k+1)+ µ d(x2k+2, x2k+3)d(x2k+1, x2k+2)d(x2k+3, x2k+2)+ d(x2k+2, x2k+1) + γ
d(x2k+1, x2k+3)d(x2k+1, x2k+2)
d(x2k+1, x2k+3)
so that
|d(x2k+2, x2k+3)| ≤ λ|d(x2k+2, x2k+1)| + µ |d(x2k+2, x2k+3)| · |d(x2k+1, x2k+2)||d(x2k+3, x2k+2)+ d(x2k+2, x2k+1)| + γ |d(x2k+1, x2k+2)|.
Since |d(x2k+3, x2k+2)+ d(x2k+2, x2k+1)| > |d(x2k+1, x2k+2)|, therefore
|d(x2k+2, x2k+3)| ≤ λ|d(x2k+2, x2k+1)| + µ |d(x2k+2, x2k+3)| · |d(x2k+1, x2k+2)||d(x2k+2, x2k+1)| + γ |d(x2k+1, x2k+2)|,
or
|d(x2k+2, x2k+3)| ≤ λ+ γ1− µ |d(x2k+1, x2k+2)|.
Now, with h = λ+γ1−µ , we have (for all n)
|d(xn, xn+1)| ≤ h|d(xn−1, xn)|
≤ · · · ≤ hn|d(x0, x1)|.
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So, for anym > n, we have
|d(xn, xm)| ≤ |d(xn, xn+1)| + |d(xn+1, xn+2)| + · · · + |d(xm−1, xm)|
≤ [hn + hn+1 + · · · + hm−1]|d(x0, x1)|
≤

hn
1− h

|d(x0, x1)|,
and henceforth
|d(xn, xm)| ≤

hn
1− h

|d(x0, x1)| → 0 asm, n →∞.
On using Lemma 6, we conclude that {xn} is a Cauchy sequence. Since X is a complete, then there exists l ∈ X such that
xn → l as n →∞. Now, we assert that l = Sl, otherwise d(l, Sl) = z > 0 and we have
z = d(l, Sl) - d(l, Tx2k+1)+ d(Tx2k+1, Sl)
- d(l, x2k+2)+ λd(l, x2k+1)+ µd(l, Sl)d(x2k+1, Tx2k+1)+ d(x2k+1, Sl)d(l, Tx2k+1)d(Sl, l)+ d(Tx2k+1, x2k+1)
+ γ d(l, Sl)d(l, Tx2k+1)+ d(x2k+1, Sl)d(x2k+1, Tx2k+1)
d(Sl, x2k+1)+ d(Tx2k+1, l) ,
which amounts to say that
|z| = |d(l, Sl)| ≤ |d(l, x2k+2)| + λ|d(l, x2k+1)| + µ |z| · |d(x2k+1, x2k+2)| + |d(x2k+1, Sl)| · |d(l, x2k+2)||d(Sl, l)+ d(x2k+2, x2k+1)|
+ γ |z| · |d(l, x2k+2)| + |d(x2k+1, Sl)| · |d(x2k+1, x2k+2)||d(Sl, x2k+1)+ d(x2k+2, l)| ,
a contradiction so that |z| = |d(l, Sl)| = 0 i.e. l = Sl. It follows, similarly, that l = Tl.
We now prove that S and T have a unique common fixed point. For this, assume that l∗ in X is an another common fixed
point of S and T . Then we have
Sl∗ = Tl∗ = l∗.
Since D = d(Sl, l)+ d(Tl∗, l∗) = 0, therefore by definition of contraction condition
d(l, l∗) = d(Sl, Tl∗) = 0,
so that l = l∗ which proves the uniqueness of common fixed point.
Second, we consider the case:

d(Sx2k, x2k) + d(Tx2k+1, x2k+1)

×

d(Sx2k, x2k+1) + d(Tx2k+1, x2k)

= 0 (for any k)
implies d(Sx2k, Tx2k+1) = 0. Now, if d(Sx2k, x2k) + d(Tx2k+1, x2k+1) = 0, then x2k = Sx2k = x2k+1 = Tx2k+1 = x2k+2. Thus,
we have x2k+1 = Sx2k = x2k, so there exist n1 and m1 such that n1 = Sm1 = m1. Using foregoing arguments, one can also
show that there exist n2 and m2 such that n2 = Tm2 = m2. As d(Sm1,m1) + d(Tm2,m2) = 0, (due to definition) implies
d(Sm1, Tm2) = 0, so that n1 = Sm1 = Tm2 = n2 which in turn yields that n1 = Sm1 = Sn1. Similarly, one can also have
n2 = Tn2. As n1 = n2, implies Sn1 = Tn1 = n1, therefore n1 = n2, is a common fixed point of S and T .
We now prove that S and T have unique common fixed point. For this, assume that n∗1 in X is an another common fixed
point of S and T . Then we have
Sn∗1 = Tn∗1 = n∗1.
Since D = d(Sn1, n1)+ d(Tn∗1, n∗1) = 0, therefore
d(n1, n∗1) = d(Sn1, Tn∗1) = 0.
This implies that n∗1 = n1.
If d(Sx2k, x2k+1)+d(Tx2k+1, x2k) = 0, implies that d(Sx2k, Tx2k+1) = 0, then also proof can be completed on the preceding
lines. This completes the proof of the theorem. 
By setting S = T , we get the following.
Corollary 2.12. Let (X, d) be a complete complex valued metric space and let the mappings T : X → X satisfy:
d(Tx, Ty) -

λd(x, y)+ µd(x, Tx)d(y, Ty)+ d(y, Tx)d(x, Ty)
d(Tx, x)+ d(Ty, y)
+ γ d(x, Tx)d(x, Ty)+ d(y, Tx)d(y, Ty)
d(Tx, y)+ d(Ty, x) , if D ≠ 0, D1 ≠ 0
0, if D = 0 or D1 = 0
(2.7)
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for all x, y ∈ X,where D = d(Tx, x)+d(Ty, y) andD1 = d(Tx, y)+d(Ty, x) andλ,µ, γ are nonnegative realswithλ+µ+γ < 1.
Then T has a unique fixed point.
As an application of Theorem 2.11, we prove the following theorem for two finite families of mappings.
Theorem 2.13. If {Ti}m1 and {Si}n1 are two finite pairwise commuting finite families of self-mapping defined on a complete complex
valued metric space (X, d) such that the mappings S and T (with T = T1T2 · · · Tm and S = S1S2 · · · Sn) satisfy condition (2.6),
then the component maps of the two families {Ti}m1 and {Si}n1 have a unique common fixed point.
Proof. The proof of this theorem is identical to that of Theorem 2.5. 
By setting T1 = T2 = · · · = Tm = F and S1 = S2 = · · · = Sn = G, in Theorem 2.13, we derive the following common
fixed point theorem involving iterates of mappings.
Corollary 2.14. Let (X, d) be a complete complex valued metric space and let the mappings T : X → X satisfy:
d(Fmx,Gny) -

λd(x, y)+ µd(x, F
mx)d(y,Gny)+ d(y, Fmx)d(x,Gny)
d(Fmx, x)+ d(Gny, y)
+ γ d(x, F
mx)d(x,Gny)+ d(y, Fmx)d(y,Gny)
d(Fmx, y)+ d(Gny, x) , if D ≠ 0, D1 ≠ 0
0, if D = 0 or D1 = 0
for all x, y ∈ X, where D = d(Fmx, x) + d(Gny, y) and D1 = d(Fmx, y) + d(ny, x) and λ,µ, γ are nonnegative reals with
λ+ µ+ γ < 1. Then F G have a unique common fixed point.
By settingm = n and F = G = T in Corollary 2.14, we deduce the following corollary.
Corollary 2.15. Let (X, d) be a complete complex valuedmetric space and let the mappings T : X → X satisfy (for some fixed n):
d(T nx, T ny) -

λd(x, y)+ µd(x, T
nx)d(y, T ny)+ d(y, T nx)d(x, T ny)
d(T nx, x)+ d(T ny, y)
+ γ d(x, T
nx)d(x, T ny)+ d(y, T nx)d(y, T ny)
d(T nx, y)+ d(T ny, x) , if D ≠ 0, D1 ≠ 0
0, if D = 0 or D1 = 0
(2.8)
for all x, y ∈ X where λ,µ, γ are nonnegative reals with λ + µ + γ < 1 besides D = d(T nx, x) + d(T ny, y) and
D1 = d(T nx, y)+ d(T ny, x). Then T has a unique fixed point.
Remark 2.16. Equating λ,µ and γ to zero suitably in Theorems 2.1, 2.5, 2.11 and 2.13 and Corollaries 2.3, 2.6, 2.7, 2.8, 2.12,
2.14, 2.15, one can derive amultitude of common fixed point theoremswhich are often new results in the setting of complex
valued nature space.
We conclude this paper with the two illustrative examples. The first one demonstrates Theorem 2.1.
Example 2.17. Consider
X1 = {z ∈ C : Re(z) ≥ 0, Im(z) = 0}
X2 = {z ∈ C : Im(z) ≥ 0, Re(z) = 0}
and write X = X1 ∪ X2. Define a mapping d : X × X → C as
d(z1, z2) =

4
3
|x1 − x2| + i|x1 − x2|, z1, z2 ∈ X1
|y1 − y2| + 2i3 |y1 − y2|, z1, z2 ∈ X2
4
3
x1 + y2 + i

x1 + 23y2

, z1 ∈ X1, z2 ∈ X2
4
3
x2 + y1 + i

x2 + 23y1

, z1 ∈ X2, z2 ∈ X1
where z1 = x1 + iy1, z2 = x2 + iy2, then (X, d) is a complete complex valued metric space.
Set T = S and define a self-mapping T on X (with z = x+ iy) as
Tz =
ix, z ∈ X11
2
y, z ∈ X2.
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By a routine calculation, one can easily verify that the map T satisfies the contraction condition (2.1) with λ = 34 , µ = 115
and γ = 215 . Notice that the point 0 ∈ X remains fixed under T and is indeed unique.
It is interesting to notice that this example cannot be covered by the natural Euclidean metric, say, de as z1, z2 ∈ X1
implies
de(Tz1, Tz2) = |x1 − x2| = de(z1, z2)
which shows that this example cannot be covered by classical Banach contraction theorem. Thus, in all, this example
substantiates the genuineness of our results proved in this paper.
Our last example exhibits the superiority of Corollary 2.14 over Corollary 2.11.
Example 2.18. Consider
X1 = {z ∈ C : Re(z) ≥ 0, Im(z) = 0}
X2 = {z ∈ C : Im(z) ≥ 0, Re(z) = 0}
and write X = X1 ∪ X2. Define a mapping d : X × X → C as
d(z1, z2) =

i|x1 − x2|, z1, z2 ∈ X1
2i
3
|y1 − y2|, z1, z2 ∈ X2
i

x1 + 23y2

, z1 ∈ X1, z2 ∈ X2
i

x2 + 23y1

, z1 ∈ X2, z2 ∈ X1
where z1 = x1 + iy1, z2 = x2 + iy2, then (X, d) is a complete complex valued metric space.
Define a self-mapping T on X (with z = x+ iy) as
T (x+ iy) =
0, x, y ∈ Q
1, x ∈ Q c, y ∈ Q
i, x ∈ Q , y ∈ Q c .
By a routine calculation, one can verify that the map T 2 satisfies condition (2.8) with λ = µ = γ = 14 (say). It is interesting
to notice that this example cannot be covered by Corollary 2.11 as z1 = 0, z2 = 1√11 ∈ X implies
i = d(Tz1, Tz2) ≼ λd(z1, z2)+ µd(z1, Tz1)d(z2, Tz2)+ d(z2, Tz1)d(z1, Tz2)d(Tz1, z1)+ d(Tz2, z2)
+ γ d(z1, Tz1)d(z1, Tz2)+ d(z2, Tz1)d(z2, Tz2)
d(Tz1, z2)+ d(Tz2, z1)
= λ 0.3015i+ µ 0.4216i+ γ 0.1617i ≼ 0.8848i
a contradiction for every choice of λ,µ, γ which amounts to say that condition (2.7) is not satisfied.
Notice that the point 0 ∈ X remains fixed under T and T 2 and is indeed unique.
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